The asymptotic form of the wave functions describing a freely expanding Lieb-Liniger gas is derived by using a Fermi-Bose transformation for time-dependent states, and the stationary phase approximation. We find that asymptotically the wave functions approach the Tonks-Girardeau (TG) structure as they vanish when any two of the particle coordinates coincide. We point out that the properties of these asymptotic states can significantly differ from the properties of a TG gas in a ground state of an external potential. The dependence of the asymptotic wave function on the initial state is discussed. The analysis encompasses a large class of initial conditions, including the ground states of a Lieb-Liniger gas in physically realistic external potentials. It is also demonstrated that the interaction energy asymptotically decays as a universal power law with time, Eint ∝ t −3 .
I. INTRODUCTION
The physics of one-dimensional (1D) Bose gases in many aspects differs from the physics encountered in higher dimensional systems. For example, the LiebLiniger (LL) gas of δ-interacting bosons in one spatial dimension becomes less ideal as its density decreases [1] , and eventually approaches the Tonks-Girardeau (TG) limit of a gas of "impenetrable-core" bosons [2] as it becomes sufficiently diluted. The interest in these 1D systems is greatly stimulated by their experimental realization with atoms confined in tight 1D atomic wave guides [3, 4, 5] . The special features of effectively 1D atomic gases [6, 7, 8] are reflected by properties of nonequilibrium dynamics in these systems, which have become accessible experimentally [5] . The possibility of finding exact time-dependent solutions for LL [9, 10, 11] and TG [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] evolution is of particular theoretical interest, as they have the potential to provide insight beyond various approximation schemes.
Exact solutions for a homogeneous Bose gas with (repulsive) point-like interactions of arbitrary strength c, and periodic boundary conditions, were presented by Lieb and Liniger in 1963 [1] . For attractive interactions, c < 0, exact LL wave functions were analyzed in Ref. [23] . The case of box confinement for c > 0 was studied in Ref. [24] . In the light of recent experiments [3, 4, 5] exact studies of the LL model are even more attractive today [25, 26, 27, 28, 29] . Besides providing insight into the physics of 1D Bose gases, exact solutions can serve as a benchmark for various approximations as well as for numerical approaches (see, e.g., Refs. [29, 30] ). The calculation of corre- * Electronic address: hbuljan@phy.hr lation functions of a LL gas from the wave functions is a difficult task; these functions furnish observables like the momentum distribution of particles in the gas, and were studied by using various approaches (e.g., see Refs. [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] ). Time-dependent phenomena in the context of LL gases with finite-strength interactions have been addressed by using both analytical [9, 10, 11] and numerical methods (see, e.g., Refs. [43, 44] ). Irregular dynamics of a LL gas was studied numerically in a mesoscopic system in Ref. [43] . In Ref. [10] , it was shown that phase imprinting by light pulses conserves the so-called cusp condition for the LL wave function imposed by the interactions.
Exact solutions for 1D Bose gases are conveniently constructed by using the Fermi-Bose mapping techniques [2, 9, 12, 45] . In 1960 Girardeau discovered that the wave function of a spinless noninteracting 1D Fermi gas can be symmetrized such that it describes an impenetrable-core 1D Bose gas [2] . This mapping is valid for arbitrary external potentials [2] , for time-dependent problems [12] , and in the context of statistical mechanics [45] . In fact, fermion-boson duality in 1D exists for arbitrary interaction strengths [46, 47] . Furthermore, a time-dependent antisymmetric wave function describing a 1D system of noninteracting fermions can be transformed, by using a differential Fermi-Bose mapping operator, to an exact time-dependent solution for a LL gas, as outlined by Gaudin [9] . This method is applicable in the absence of external potentials and other boundary conditions. Therefore, it is particularly useful to study free expansion of LL gases from an initially localized state.
Free expansion of interacting Bose gases has recently attracted considerable attention. It has been utilized in experiments to deduce information on the initial state (see, e.g., Ref. [48] and references therein), and can be considered as a quantum-quench-type problem which provides insight into the relaxation of quantum systems (see, e.g., Refs. [49, 50] and references therein). Free expansion of a LL gas has been analyzed in Ref. [14] by employing the hydrodynamic formalism [8] ; it was shown that the density of the gas does not follow selfsimilar evolution [14] . However, in 1D Bose systems, most exact many-body solutions are given for the TG gas [14, 16, 17, 18, 22] . An important result is that the momentum distribution of the freely expanding TG gas asymptotically approaches the momentum distribution of free fermions [16, 17] . Recently, we have constructed a particular family of exact solutions describing a LL gas freely expanding from a localized initial density distribution [11] . It was shown that for any interaction strength, the wave functions asymptotically (as t → ∞) assume TG form. Even though it is generally accepted that 1D Bose gases become less ideal with decreasing density, this intuition is mainly based on the studies of a LL gas in equilibrium ground states [1] . Thus, a more rigorous analysis of the expanding LL gas, which leads to more dilute system, but out of equilibrium, is desirable. In particular, it is interesting to study the dependence of the asymptotic wave functions on the initial state, and to see how are the initial conditions imprinted in the asymptotic states.
Here we study the asymptotic form of the wave function describing a freely expanding Lieb-Liniger gas, which can be constructed via the Fermi-Bose transformation and the stationary phase approximation. In Section II we describe the LL model and the Fermi-Bose transformation. In Section III we demonstrate that the asymptotic wave functions have Tonks-Girardeau structure, that is, they vanish when any of the two particle coordinates coincide. The dependence of the asymptotic state on the initial state is discussed. We illustrate that the properties of the asymptotic wave functions can significantly differ from the properties of a TG gas in the ground state of some external potential. This study generalizes and adds upon our previous result from Ref. [11] , as the initial conditions studied here encompass ground states for generic external potentials and various interaction strengths. From the next-to-leading order term in the asymptotic regime, we deduce that the interaction energy of the LL gas decays as a universal power law in time E int ∝ t −3 . This is illustrated on a particular example in Section IV, where we provide further analysis of the particular family of time-dependent LL wave functions studied in Ref. [11] . Explicit expressions for the asymptotic form of the single-particle density are provided in Section V. In Section VI we calculate the asymptotic single-particle density for free expansion of a LL gas from an infinitely deep box potential. We compare our exact calculation with the hydrodynamic approximation introduced in Ref. [8] , and employed in Ref. [14] in the context of free expansion, obtaining good agreement for all values of the interaction strength.
II. THE LIEB-LINIGER MODEL
A system of N identical δ-interacting bosons in one spatial dimension is described by the many-body Schrödinger equation [1] 
Here, ψ B (x 1 , . . . , x N , t) is the time-dependent wave function, and c is the strength of the interaction. It is assumed that the initial wave function is localized, e.g., by the system being trapped within some external potential, before, at t = 0, the trap is suddenly switched off and the gas starts expanding. We are interested in the behavior of ψ B when t → ∞. Here the spatial dimension is infinite x j ∈ (−∞, ∞), i.e., we do not impose any boundary conditions. Due to the Bose symmetry of the wave function, it is sufficient to express it in the fundamental sector of the configuration space, R 1 :
The δ-interactions create a cusp in the wave function when two particles touch. This can be expressed as a boundary condition at the borders of
These boundary conditions can easily be rewritten for any permutation sector. In the TG limit, i.e., for c → ∞, the cusp condition implies that the wave function vanishes when two particles are in contact: [2, 12] . Exact solutions of the time-dependent Schrödinger equation (1) can be obtained by using a Fermi-Bose mapping operator [9, 11] acting on fermionic wave functions: If ψ F (x 1 , . . . , x N , t) is an antisymmetric (fermionic) wave function, which obeys the Schrödinger equation for a noninteracting Fermi gas,
then the wave function
wherê
is the differential Fermi-Bose mapping operator, and N c is a normalization constant, obeys Eq. (1) [9] . For the purpose of completeness we outline, in Appendix A, the proof that the wave function (5) obeys both the cusp condition imposed by the interactions and the Schrödinger equation (2) .
III. FREE EXPANSION: ASYMPTOTICS
In this section we study the asymptotic form of timedependent LL wave functions ψ B,c which are obtained by the Fermi-Bose transformation (5) . All information on the initial condition ψ B,c (x 1 , . . . , x N , t = 0) is contained in the initial fermionic wave function ψ F (x 1 , . . . , x N , t = 0):
The initial bosonic wave function, which can be expressed in this way, is assumed to describe a LL gas in its ground state when trapped in some external potential V (x), e.g., in a harmonic oscillator potential, or some other trapping potential used in experiments. We consider the evolution from this initial state after the trapping potential has been suddenly turned off, as studied in experiments to deduce information on the initial state [48] . The time-dependent fermionic wave function ψ F (x 1 , . . . , x N , t), which freely expands from the initial condition ψ F (x 1 , . . . , x N , 0), can be expressed in terms of its Fourier transform,
where ω(k) = k 2 , and
By using the Fermi-Bose transformation, the timedependent bosonic wave function describing the freely expanding LL gas can be expressed as
where the function G(k 1 , . . . , k N ) is defined as
It should be noted that G(k 1 , . . . , k N ) is not the Fourier transform of ψ B,c because it depends on x j through the sgn(x j − x i ) terms. The asymptotic form of the wave function (10) can be obtained by evaluating the integral with the stationary phase approximation.
The phase can be rewritten as
The leading term of the integral in Eq. (10), as well as the next-to-leading term, can be evaluated by expanding
Taylor series around the stationary phase point {k ′ }:
The remaining integrals in the three terms written out in this expansion can be calculated analytically. The second term involving the first derivatives of G({k}) vanishes.
The third term is nonvanishing only for i = j. Thus Eq. (12) reduces to
From Eq. (13) we obtain in leading order the asymptotic wave function
which is written in a more convenient form in terms of the variables ξ j = x j /t:
Equation (15) is the main result of this paper. Evidently the asymptotic form of the LL wave function ψ ∞ has TG form. Namely, the Fourier transform of a fermionic wave functionψ F (ξ 1 /2, . . . , ξ N /2) is antisymmetric, which implies that ψ ∞ is zero whenever ξ i = ξ j (i = j). Furthermore, ψ ∞ is symmetric under the exchange of any two coordinates ξ i and ξ j . This clearly shows that a localized LL wave function during free expansion asymptotically approaches a wave function with the TG structure. However, it should be emphasized that the properties of the asymptotic state are not necessarily similar to the wave function describing TG gas in equilibrium, in the ground state of some external potential. The connection between the initial and the asymptotic state is illustrated below. In the derivation of Eq. (15) we have analyzed LL wave functions which are obtained through the FermiBose transformation (5) . This class of wave functions is quite general and corresponds to numerous situations of practical relevance. Let us discuss the case in which the initial bosonic wave function ψ B0 = ψ B,c (x 1 , . . . , x N , 0) is a ground state of a repulsive LL gas in an experimentally realistic external potential V (x), e.g., a harmonic oscillator potential. The eigenstates of the LL system in free space are of the form
where the set of N real values {k} = {k m | m = 1, . . . , N } uniquely determines the eigenstate; the normalization constant is given by
see Ref. [33] . In free space, there are no restrictions on the numbers k m . If periodic boundary conditions are imposed as in Ref. [1] (i.e., the system is a ring of length L), the wave numbers k j must obey a set of coupled transcendental equations [1, 25, 26, 29, 39] which depend on the strength of the interaction (see, e.g., Ref. [26] ). The LL eigenstates ψ {k} possess the closure property [9] and they are complete [51] . Thus, our initial state ψ B0 can be expressed as a superposition of LL eigenstates,
where the coefficients b({k}) can be obtained by projecting the initial condition ψ B0 onto the LL eigenstates. By comparing Eqs. (7) and (17) we find that the initial fermionic wave function is
Since we have assumed that V (x) is an experimentally realistic smooth function, also ψ F 0 is smooth and differentiable such that the operatorÔ c can be applied.
The connection between the asymptotic state (15) and the initial state ψ B0 is made through the Fourier transform of the initial fermionic wave functionψ F ({k}). More insight into the connection between the initial state and the asymptotic state can be made by expressing ψ F ({k}) through the coefficients b({k}) utilized in the expansion (17) . First, let us note that the coefficients b({k}) = b(k 1 , k 2 , . . . , k N ) are antisymmetric with respect to the interchange of any two arguments k i and k j (i = j). This follows from the fact that the LL eigenstates ψ {k} possess the same property, see Ref. [33] . By using this property of b({k}), Eq. (18) can be rewritten as
By comparing Eqs. (19) and (8) we obtaiñ
Evidently, the Fourier transform of the initial fermionic wave functionψ F ({k}) is directly proportional to the projections b({k}) of the initial bosonic wave function onto the LL eigenstates. From this relation we can conclude that the asymptotic wave function (15) has TG structure as a consequence of the antisymmetry of the coefficients b({k}), which originates from the antisymmetry of the LL eigenstates with respect to k j arguments [33] . It is also worthy to note that Eq. (10), and therefore our main result, can be obtained without explicit use of the FermiBose transformation; by writing the time dependent LL states as ψ B,c = {k} b({k})ψ {k} exp(−i j k 2 j t), and after employing the antisymmetry of b({k}) [equivalently as in Eq. (19)] one obtains Eq. (10). Formulae (15) and (20) provide, under general conditions, the asymptotic form of the wave functions for the freely expanding LL gas, and the connection between these asymptotic states and the initial states.
For the sake of the clarity of the paper, let us illustrate the asymptotic state of the LL gas on a particular example. Suppose that initially the LL gas is in the ground state, enclosed in an infinitely deep box of length L. The ground state ψ B0 for this potential was found by employing the superposition of the Bethe ansatz wave functions in Ref. [24] . The coefficients b({k}) can be relatively easily found for a few particles by employing a computer program for algebraic manipulation (Mathematica). In Fig. 1 we illustrate the initial state and the asymptotic state for the case of N = 3 particles, and for values of c = 0.2, 1, 2, and 10, by showing the contour plots of the probabilities |ψ B0 (L/2, x 2 , x 3 )| 2 (left column) and |ψ ∞ (0, ξ 2 , ξ 3 )| 2 (right column). Thus, one particle is fixed in the center of the system, while the plots illustrate the probability of finding the other two particles in space. The left column illustrating the initial states shows that the system becomes more correlated with increasing interaction strenght c and it enters the TG regime for sufficiently large c (e.g., for c = 10 depicted in Fig. 1 (g ) the ground state of the system is in the TG regime). The right column illustrating the asymptotic state shows that the wave function is zero whenever two of the coordinates coincide. However, it is important to note that the properties of the asymptotic wave functions, even though they possess the TG structure, can significantly differ from the properties of the TG gas in the equilibrium ground state. This can be seen by comparing the asymptotic state in Fig. 1 (b) , and the TG ground state shown in Fig. 1 (g) . The asymptotics of Fig. 1 (b) is obtained after free expansion from a weakly interacting ground state (c = 0.2); from Fig. 1 (b) we observe that when one particle is fixed at zero, there is still a relatively large probability of finding the other two particles to the left and to the right of the fixed one. In contrast, for the TG ground state shown in Fig. 1 (g) , if one particle is fixed in the center of the system, the other two are on the opposite sides of that one. Furthermore, by comparing the asymptotic states in Figs. 1 (b) , (d), (f), and (h), we see that their properties depend on the interaction strength c. It is worthy to mention again that free expansion can be utilized to deduce information on the initial state (see, e.g., Refs. [48] and references therein); free 1D expansion can distinguish between different initial regimes of the LL gas [14] .
Let us now address the case of attractive interactions. For c < 0, the cusp condition assumes a form that is identical to that for c > 0 (see, e.g., Ref. [25] ). Therefore, by acting on some fermionic time-dependent wave function obeying Eq. (4) with the Fermi-Bose transformation operatorÔ c<0 , one obtains an exact solution for the attractive time-dependent LL gas in the formÔ c<0 ψ F (see Appendix A); our derivation holds for this family of wave functions. Experiments where the attractive quasi-1D Bose gas is suddenly released from a trapping potential were used to study solitons made of attractively interacting BEC [52] . Exact studies of such a system within the framework of the LL model are expected to provide deeper insight into nonequilibrium phenomena beyond the Gross-Pitaevskii mean-field regime, where interesting dynamical effects can occur [53, 54] .
It should be noted that the time scale it takes for the LL system to reach the TG regime depends on the initial condition. The next-to-leading term of the asymptotic wave function is suppressed relative to the leading term by a factor 1/t, as obtained by the stationary phase expansion in Eq. (13) . From this we can deduce the scaling of the interaction energy, defined as
δ(x i − x j ), (21) as t → ∞. Since the interaction strength c is finite, and since the asymptotic density |ψ ∞ (ξ 1 , . . . , ξ N , t)| 2 equals zero for any pair of arguments being equal, ξ i = ξ j , one concludes that asymptotically the leading term of the interaction energy vanishes. Since the first correction to the leading TG term of the wave function is of order t −1 , and since δ(x i −x j ) = t −1 δ(ξ i −ξ j ), the interaction energy asymptotically decays to zero as E int ∝ t −3 . This power law decay of the interaction energy is illustrated in the following section.
IV. EXAMPLE: FERMIONIC WAVE FUNCTION EXPANDING FROM A HARMONIC TRAP
In Ref. [11] , we have constructed a particular family of time-dependent wave functions describing a freely expanding LL gas. The wave functions were obtained by acting with the Fermi-Bose mapping operator onto a specific time-dependent fermionic wave function,
which describes free expansion of noninteracting fermions in one spatial dimension. The initial fermionic wave function at t = 0 corresponds to a fermionic ground state in a harmonic trap V (x) = ν 2 x 2 /4 (see, e.g., Ref. [55] ). Here, ν corresponds to the trapping frequency, b(t) = √ 1 + t 2 ν 2 , and τ (t) = arctan(νt)/ν. The limiting form of the LL wave function, ψ B,c (η 1 b(t), . . . , η N b(t), t), for t → ∞, was shown to have the following form characteristic for a TG gas: where g(η) = |η|+iνη 2 /2c. Equation (15) is a generalization of this result given first in Ref. [11] . Since Eq. (15) was obtained with the help of the stationary phase approximation, whereas (23) is obtained straightforwardly from the exact form of the specific LL wave function (see Ref. [11] ), it is worthy to verify that Eq. (15) reproduces Eq. (23) as a special case. In order to do so, we calculate the Fourier transform of the initial fermionic wave function, i.e., ψ F (x 1 , . . . , x N , 0) from Eq. (22) . Interestingly, the Fourier transform has exactly the same functional form as the initial condition in x-space:
By plugging this form into Eq. (15) we obtain:
. (25) After replacing ξ j = x j /t with νη j = νx j /b(t) which asymptotically approaches νη j ∼ x j /t = ξ j , we obtain the functional form identical to Eq. (23) . This verifies the validity of Eq. (15) in the special case studied in Ref. [11] . In order to verify the asymptotic power law decay of the interaction energy E int obtained in the previous section, let us calculate the time-evolution of E int for the specific family of LL wave functions discussed in this section. We calculate integral (21) for N = 3 particles, and ν = 2. Given these parameters, E int depends on the strength of the interaction c and time t. values of c; displayed curves depict the ratio E int (t)/E, where E denotes the total energy, which is a constant of motion. Evidently, after some initial transient period the interaction energy starts its asymptotic power law decay E int (t) ∝ t −3 . It should be noted that the contribution of the interaction energy to the total energy depends on the interaction strength c. This is illustrated in Fig. 3 which shows E int (t)/E as a function of c at three points in time. At t = 0, the contribution of the interaction energy to the total energy is non-monotonous with the increase of c; it is zero at c = 0 and in the TG limit c → ∞, with a specific maximal value in between. The form of the curve is preserved for finite values of t, with the evident decay of the interaction energy to zero as t → ∞. Note that an equivalent non-monotonous behavior of the interaction energy as a function of c was found for the Lieb-Liniger gas in the ground state for c > 0 and with periodic boundary conditions [25] .
V. ASYMPTOTIC SINGLE-PARTICLE DENSITY
Given the asymptotic form of the wave function, we finally consider the asymptotic form of the singleparticle density which is of considerable interest for experiment. The single-particle density is defined as ρ c (x, t) = N dx 2 · · · dx N |ψ B,c (x, x 2 , . . . , x N , t)| 2 . For studying asymptotics, it is convenient to define the asymptotic form in terms of the rescaled coordinates ξ = x/t:
here the normalization constant N ∞ is chosen such that dξ ρ ∞ (ξ) = N , the total number of particles, while the factor t N cancels the trivial time-scaling of the asymptotic single-particle density.
For the specific asymptotic form of the wave function (25) we can analytically calculate the asymptotic form of the density for a few particles. As an example, for N = 3, the normalization constant is
while the single-particle density has the following structure:
This expression shows that the Gaussian shape of the single-particle density is modulated with the N -hump structure characteristic for the single-particle density of a TG gas in the ground state of some external potential. The corresponding density (28) , in terms of η = ξ/ν is shown in Fig. 2 of Ref. [11] . It should be noted that such an asymptotic form of the single-particle density corresponds to a particular family of time-dependent wave functions obtained in Ref. [11] . For different initial conditions one can obtain a different shape of the asymptotic single-particle density as follows from Eqs. (15) and (20) ; the asymptotic single-particle density depends oñ ψ F ({k}), that is b({k}).
VI. COMPARISON WITH THE HYDRODYNAMIC APPROXIMATION
Besides providing insight into the physics of interacting time-dependent many-body systems, our motivation to study exact solutions of such systems is to utilize those solutions as a benchmark against various approximations. Free expansion of a Lieb-Liniger gas has been studied in Ref. [14] by employing the formalism introduced in Ref. [8] , referred to as the hydrodynamic approximation. This formalism can be written in a form of a nonlinear evolution equation for a single-particle wave function ψ H (x, t) [see Eq. (9) in Ref. [14] ],
where |ψ H (x, t)| 2 denotes the single-particle density normalized to |ψ H (x, t)| 2 dx = N , while the function f which appears in the nonlinear term is defined in Ref. [8] , and also tabulated in Ref. [19] of Ref. [8] . The potential is V (x) = 0 during free expansion. The hydrodynamic approximation was used to obtain Eq. (29), which is written in units corresponding to the Lieb-Liniger model of Eq. (1). The nonlinear equation above reduces to the standard Gross-Pitaevskii equation for small interactions, and to the nonlinear equation from Ref. [56] for strong interactions [14] . The hydrodynamic approximation overestimates the coherence in the system, and therefore it may not be accurate for analyzing observables strongly connected to coherence. However, it is reasonable to compare the exact asymptotic form of the singleparticle density after free expansion with the asymptotic form obtained from the hydrodynamic approximation. Let us follow upon our example from Section III, that is, let us consider the asymptotic form of the single particle density ρ ∞ (ξ) of a LL gas which is initially in the ground state of a box with infinitely high walls; the length of the box is L = π. The calculation of the exact SP density demands performing multi-dimensional integration over N − 1 variables which is not a simple task. For this reason, the number of particles in our calculation of the exact SP density is N = 3. For the initial condition of the hydrodynamic approach ψ H (x, t = 0) we could choose ψ H (x, t = 0) = N/L within the box, and zero otherwise. This would be a good initial condition in the thermodynamic limit (large N , N/L = const.). However, since for our exact calculation we used N = 3, we have chosen, in order to be able to compare between the two approaches, the hydrodynamic initial field ψ H (x, t = 0) = √ n exact , where n exact is the exact SP density of the initial ground state (this can be calculated by employing Ref. [24] ). Figure 4 displays the exact asymptotic form of the SP density, and the hydrodynamic asymptotic SP density. The latter is obtained numerically by solving Eq. (29) with the standard splitstep Fourier technique; the nonlinear term in Eq. (29) , that is, the function f (c/|ψ H (x)| 2 ) is calculated by using values tabulated in Ref. [19] of Ref. [8] . The asymptotic dynamics in the hydrodynamic approach occurs after sufficiently long propagation, when the SP density starts exhibiting self-similar propagation (see also [14] ).
The agreement is qualitatively excellent for all values of the interaction strength, and quantitatively excellent for c < 1. The width of the SP density as a function of ξ = x/t indicates the velocity of the expansion of the cloud. The asymptotic FWHM (full-width at half maximum) expansion velocity is in good agreement for all values of c. The hydrodynamic approximation does not reproduce small humps in the SP density, characteristic in the TG regime after expansion from the ground state; this discrepancy is expected to be smaller if we had calculated expansion from the ground state with large N , where the hydrodynamic approximation is expected to work even better.
Another possible comparison that can be made with the hydrodynamic approximation is the following. The LL wave function which is utilized as the initial condition in Sec. IV and Ref. [11] is obtained by acting with the operatorÔ c onto the fermionic ground state ψ F 0 in the harmonic trapping potential V (x) = ν 2 x 2 /4. This wave function can approximate the ground state only when the commutator [Ô c , V (x)] can be neglected [11] . The SP density of this state can be compared with the static hydrodynamic density obtained in Ref. [8] for the LL gas in a harmonic trap. Due to the properties of the operator O c [11] and the fermionic ground state in the harmonic trap ψ F 0 , it is straightforward to verify that the shape of the SP density corresponding to the stateÔ c ψ F 0 scales as ρ(x) → ρ(x/s)/s under the transformation ν → ν/s 2 , c → c/s, that is, the shape of the SP density does not change under this transformation. The same is true for the shape of the (ground-state) SP density obtained with the hydrodynamic approach, which has been shown [8] to depend on a single parameter η = ( 3N ν 4c 2 ) 2 3 that is invariant under the transformation ν → ν/s 2 , c → c/s. This is fully analogous to the case of a homogeneous LL gas where the only governing parameter γ = c/n is invariant under a simultaneous rescaling of the interaction strength c and the linear particle density n [1] . The shape of the SP density of the stateÔ c ψ F 0 (calculated for N = 3) agrees with the shape obtained in Ref. [8] only in the Tonks-Girardeau limit (η ≪ 1) whereÔ c ψ F 0 is a good approximation for the ground state. If we reduce the interaction strength c by keeping ν fixed, thereby increasing η, the two SP densities will no longer have a similar shape; this stems from a simple fact thatÔ c ψ F 0 is an excited state for sufficiently small values of c, because the commutator [Ô c , V (x)] cannot be neglected, whereas the hydrodynamic solution approximates the ground state.
VII. CONCLUSION
We have derived the asymptotic form of the wave function describing a freely expanding Lieb-Liniger gas. It is shown to have Tonks-Girardeau structure [see Eq. (15) ], that is, the wave functions vanish when any two of the particle coordinates coincide. We have pointed out that the properties of these asymptotic states can significantly differ from the properties of a TG gas in a ground state of an external potential [see Fig. 1 ]. The dependence of the asymptotic state on the initial state is discussed [see Eq. (20)]. The analysis was performed for timedependent Lieb-Liniger wave functions which can be obtained through the Fermi-Bose transformation (5). This encompasses initial conditions which correspond to the ground state of a repulsive Lieb-Liniger gas in physically realistic external potentials. Thus, our analysis characterizes the free expansion from such a ground state, after the potential is suddenly switched off. In deriving our main result, Eq. (15), we have used the stationary phase approximation. This generalizes and adds upon the result from Ref. [11] which was derived for a particular family of time-dependent Lieb-Liniger wave functions. We have demonstrated that the interaction energy of the freely expanding LL gas asymptotically decays according to a power law, E int ∝ t −3 . Furthermore, we have calculated the asymptotic single-particle density for free expansion of a LL gas from an infinitely deep box potential. We have compared our exact calculation with the hydrodynamic approximation introduced in Ref. [8] , and employed in Ref. [14] in the context of free expansion, obtaining good agreement for all values of the interaction strength. As a possible future avenue of research, we point out that the methodology employed here for the analysis of asymptotic wave functions has the potential to be exploited further to study the evolution of various observables (e.g., the momentum distribution which was studied for a TG gas [16] ) and correlations (e.g., see [57] and Refs. therein) during free expansion.
